Abstract-We study the performance of a two-hop full-duplex OFDM relay link, where the relay, or in-band repeater, amplifies and forwards its input signal on the same channel as the main transmitter. We derive new closed-form expressions for the end-to-end signal-to-interference and noise ratio (SINR) when the multipath channels are modeled with clustered exponential power-delay profiles. Our system model incorporates the deleterious effect of loop interference associated with full-duplex relays due to signal leakage from transmission to reception. In particular, our analysis shows that the relay gain is a central parameter in the mitigation of residual loop interference and for the optimization of the end-to-end performance.
I. INTRODUCTION
Full-duplex relays are advantageous for patching coverage holes that are typical for cellular systems in urban environment due to the shadowing effect. Such relays are cheap transceivers that amplify and forward transparently the main transmitter's signal on the same frequency. Depending on the context, these devices are also referred to as on-channel repeaters or gap fillers. The main motivation for using cheap repeaters is to avoid increasing the density of more expensive base stations. Thus, repeaters are also useful for boosting cell edge coverage by reducing path losses. Earlier, full-duplex repeaters have been successfully used, for example, in digital television transmission [1] , [2] and pager systems [3] as well as in other cellular systems [4] .
Recently, adoption of OFDM in many systems has stimulated new research interest in full-duplex relaying due to its robustness in a multipath fading environment. For example, there is a working item for repeaters in the specification process of 3G long term evolution (LTE) [5] . With OFDM, the signals from both the main transmitter and the relay constitute to useful signal power as long as the multipath delay spread fits inside the cyclic prefix (CP) and time synchronization in the receiver is decent. The total delay spread consists of the propagation delay between the nodes, the delay spreads of individual channels, and the processing delay in the relay, which all need to be addressed in performance analysis.
Unfortunately, as the full-duplex relay simultaneously receives and transmits on the same channel, self-interference is generated due to crosstalk between transmission and reception of the relay. This undesired signal is usually referred to as loop interference. In practice, all viable implementations require that the relay is equipped with spatially-separated backhaul and service antennas.
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With two antennas, the rest of the countermeasures against loop interference are then classified in [1] as 1) physical isolation between the relay antennas, 2) directivity properties of the antennas, and 3) signal processing for loop interference cancellation. We propose that the list should be complemented with a countermeasure that is not properly addressed in earlier literature: 4) relay gain optimization. After countermeasures 1)-3), there in practice still exists some loop interference due to imperfections in cancellation. Our results indicate that the effect of residual loop interference can still be mitigated by appropriate relay gain selection.
Our main contribution is to derive a new closed-form expression for the end-to-end signal-to-interference and noise ratio (SINR) in the full-duplex OFDM relay link. Especially, the presented analysis illustrates the effect of residual loop interference which is studied by comparing the SINR achieved with two conventional gain selection methods to that achieved with gain optimization.
II. SYSTEM MODEL
In this section, we introduce the system model of the fullduplex OFDM relay link. The two-hop system consist of a source (S) node, a relay (R) node with separate receive and transmit antennas, and a destination (D) node as shown in Fig. 1 . The relay amplifies and forwards its input signal sample-by-sample such that the same frequency band is used for receiving and transmitting. This creates relay feedback loop signal from output to input.
f SD (t) Fig. 1 . Two-hop full-duplex relay link with loop interference in a typical downlink outdoor-to-indoor transmission scenario. The power-delay profiles of the channels are represented by f SR (t), f LI (t), f RD (t), and f SD (t).
A. OFDM Transmission
We consider the transmission of a standard OFDM signal, which is parametrized with the length of the fast Fourier transform (FFT) represented by T FFT and the length of the cyclic prefix (CP) represented by T CP . Thus, the total duration of each OFDM symbol is T sym = T CP + T FFT . Specifying the signal bandwidth or the number of subcarriers is not needed for the following analysis.
We focus on studying the effect of multipath delay spread due to the relay feedback loop. Thus, the frequency synchronization and channel estimation is assumed to be ideal, and the power amplifiers are linear. Furthermore, the channel coherence times are reasonably longer than T sym , which allows us to consider the channels to be invariant during reception of each OFDM symbol. Thereby, the multipath components that are spread outside the CP are the only source of inter-carrier and inter-symbol interference (ICI and ISI).
The source starts transmitting an OFDM symbol at time instant t = 0. Time synchronization is parametrized then by the time of reference (TOR) represented by τ TOR , which marks the time instant to start demodulating the OFDM symbol. Consequently, the FFT is calculated for the time interval 
B. Channel Models
The system consists of four wireless channels that are specified in terms of power-delay profiles (PDPs).
1) Exponential PDPs:
The (single-)exponential PDP is
where U(·) denotes the unit step for which U(t) = 0 if t < 0 and U(t) = 1 if t ≥ 0. The parameters are the gain g =
tf 1 (t)dt = σ + τ , and the mean square delay spread
is needed for the end-to-end channel in the two-hop relay link. Especially, f 2 (t) can be written in terms of two singleexponential PDPs as derived in (20) in Appendix A.
2) SR, RD, and SD Channels: The multipath channel h tr (t) from transmitter t to receiver r, where tr ∈ {SR, RD, SD}, is modeled with a clustered exponential PDP. There are N tr clusters and the root mean square delay spread and the gain of the ith cluster are given by σ tr [i] and g tr [i], respectively. The delays τ tr [i] incorporate the propagation time from t to r as well as the delay spread between the clusters. Thus, the PDP of the channel from transmitter t to receiver r is expressed as
The total channel gain from transmitter t to receiver r is given by
In all practical cases, we can assume that σ SR [i] = σ RD [j] for all i and j (see Appendix A).
3) Loop Interference Channel: The residual loop interference (LI) channel after imperfect cancellation is assumed to be a single channel tap with gain G LI and delay τ LI . Thus, its PDP is given by
where δ(·) is the unit impulse. This model is practical, because the main source of loop interference is the direct coupling between the directive transmit and receive antennas.
C. End-to-End Signal Model
The source broadcasts the OFDM signal using power P S to both the destination and the relay. The additive receiver noise powers at the relay and at the destination are ρ 2 R and ρ 2 D , respectively. The relay amplifies and forwards its input signal sample-by-sample with gain G R , which causes processing delay τ R . Noting that the relay receive power is P S G SR + P R G LI + ρ 2 R , the relay transmit power becomes
(4) The end-to-end impulse response becomes infinite due to the feedback loop from the relay output to the relay input. Including also the direct signal, the PDP of the end-to-end channel can be expressed as shown in (5) at the top of this page. There, the total gain and delay of a particular end-to-end multipath component that has circulated n times (n ≥ 0) in the loop interference channel are given by
respectively. The derivation of the double-exponential PDP f 2 (t) is explained in Appendix A.
The relay gain G R affects essentially the decay of the endto-end impulse response. In particular, the gain must be limited by
to guarantee finite transmit power in (4) and to prevent relay oscillation. In practical implementations, the infinite sum in (5) can be truncated, because the terms approach zero for large n due to (6) , if the relay is stable, i.e., (8) is satisfied. In fact, only G LI G R 1 will result in reasonable SINR. Finally, we note that the presented model and the following performance analysis can be easily extended for networks with multiple main transmitters and full-duplex relays.
III. END-TO-END SINR
In this section, we derive closed-form expressions for useful signal power and interference power in the full-duplex OFDM relay link. These expressions then allow us to quantify the end-to-end signal-to-interference and noise ratio (SINR). The methodology to calculate the SINR is extended from the analysis presented in [6] , [7] for single-hop OFDM transmission.
First, the total received signal power in the destination is
After dividing the total signal power into useful signal power P U and interference power P I (including ICI and ISI) as P tot = P U + P I , the end-to-end SINR in the OFDM receiver can be approximated as
in which P N is the total noise power. Given the end-to-end power-delay profile f (t), we can calculate the useful signal power as [6] , [7] 
and the interference power becomes then P I = P tot −P U . Here, the multipath components are divided into useful and interference power based on their delays according the weighting function [6] , [7] , which is expressed as
and illustrated in Fig. 2 . The breakpoints of the piecewise linear function c(·) are given by
Fig . 2 . The weighting function.
For solving (11), we first replace the double-exponential PDP in (5) with two single-exponential PDPs by using (20). The useful signal power can then be expressed with the integral
as shown in (14) at the top of this page. Integral I is calculated in Appendix B.
Finally, we also need to determine the total noise power in the destination, which includes the noise forwarded by the relay and the receiver noise in the destination. With the relay feedback loop, the PDP of the relay noise channel becomes
where
. Thus, the total noise power becomes
In this section, we apply the derived closed-form SINR expression for studying the effect of loop interference. Especially, we show that proper relay gain selection can improve the performance in the presence of residual loop interference.
A. System Setup
The following setup is assumed in the performance illustrations. The OFDM signal is characterized by T FFT = 64μs, and T CP is 4μs or 12μs. The direct link is omitted (G SD = 0) because we focus on the effect of loop interference in the relay link. The direct link would simply increase the received powers without changing the observations. The receiver noise power is normalized such that ρ The time of reference can be selected as τ TOR = τ R , which is here equivalent to synchronization according to the first arrival. The processing delay in the relay is τ R = 4μs, and the propagation delay in the loop channel is τ LI = 30ns, which corresponds to antenna separation of approx. 10 meters. Figure 3 illustrates the powers of different signal components in terms of the relay gain when the gain of the loop interference channel is fixed to G LI = −20dB. With large relay gain, the end-to-end PDP with the feedback loop decays slowly and more multipath components are transferred outside the cyclic prefix. Thus, the interference power increases faster than the useful signal power. Also the noise power increases quickly, when the relay gain approaches the maximum gain. Figure 4 illustrates the end-to-end SINR. A SINR upper bound is obtained by assuming infinite cyclic prefix (T CP → ∞) which removes all ICI and ISI. On the contrary, a lower bound can be obtained by assuming that all loopback signal is interference, which is the case with a long relay processing delay (τ R T CP ). In particular, we see that longer cyclic prefix is beneficial for the full-duplex relay link due to the feedback loop.
B. Performance Analysis
We can show analytically that the SINR admits a global maximum in terms of the relay gain, which is also seen in Fig. 4 . This motivates us to determine the optimal gain as
which can be solved by numerically maximizing the closedform SINR expression (10). For example, with G LI = −20dB and T CP = 12μs as in Fig. 4 , the optimal gain is G OPT R = 10.5dB, which results SINR γ = 13.9dB.
For comparison, we test also two conventional methods for determining the relay gain. In the gain margin approach, the gain of the loop interference channel is first measured and the relay gain is then set to below the isolation with a pre-defined margin Δ GM > 1, i.e.,
In literature (e.g., [3] , [4] ), typical values for Δ GM are between 10 and 15 decibels. The power normalization approach sets the relay transmit power P R to a given fixed value. The resulting relay gain can then be solved in terms of P R from (4):
i.e., also this approach guarantees stability of the relay. This approach can be implemented simply by adaptively controlling the relay output power. . Signal-to-interference and noise ratio in the full-duplex relay link in terms of the residual loop interference channel gain with the different gain selection methods. We choose Δ GM = 10dB and P R = 30dB for the gain margin and power normalization approaches, respectively.
Figure 5 illustrates the SINR with the different methods for determining the relay gain. The conventional gain selection methods result in approximately optimal performance only when G LI ≈ −25dB because they tend to use too high transmit power in the case of low isolation between the relay antennas, which results in excessive loop interference. Similarly, the conventional methods use too low gain when the loop isolation is good, but the difference to the optimal performance is not large in this example. We see that optimization of the relay gain guarantees proper transmit power usage and minimizes the effect of the loop interference.
V. CONCLUSION
We derived a novel closed-form expression for the signalto-interference and noise ratio of OFDM transmission in a full-duplex relay link with loop interference. The presented analysis can be used for studying the effects of synchronization errors, length of the symbol and cyclic prefix, loop interference channel gain and relay processing delay on the end-to-end performance. In particular, we showed that the relay gain should be properly selected for mitigating the effect of residual loop interference in addition to guaranteeing large spatial separation between directive relay antennas and using loop interference cancellation methods.
